Model: F(w) = h,, Model Class: 7 = range(F)
f(w,x) = h,,(x) = prediction on x with params (“weights”) w
Linear models: f(w, x) = (B,,, x) F(w) =B,

Loss: Ls(w) = — 3 £(f (w, x,), 1) eg.£(,y) = (9 —y)?
GDon L;(W): Wiy = wy, —nV, Les(w) F(wy) 5?2727
Withn - 0: w(t) = =V, Lg(w) F(w(t)) »??7?

D-homogenous: F(cw) = cPF(w), i.e. f(cw,x) = cP f(w, x)

* 1-homogenous: standard linear F(w) = w, f(w,x) = (w, x)

e 2-homogenous:
* Matrix factorization F(U,V) = UV

* 2-lLayer RelU: f(IW,x) = Zj Wz,j[(WLj;x)L

 D-homogenous:

* D layer linear network
* D layer linear conv net

* D layer ReLU net i RP




Model: F(w) = h,, Model Class: H = range(F)

f(w,x) = h,,(x) = prediction on x with params (“weights”) w

1 . "
Loss: Lg(w) = azif(f(w, x;), Vi) eg. 1(9,y) = (P — y)*
GDon Lg(W): Wigy1 = wy —nVyLs(w) F(wy) = hy,, 2?77

Withn - 0:w(t) = =V, Ls(w) F(w(t)) = hy) 2?27

How is the optimization geometry and dynamics on h (or ),
and the implicit bias effected by the parametrization?

How is it related, or different, from explicitly ||w||, regularization?
How is it effect by optimization choices?

How it is related to the Kernel regime?




Model: F(w) = h,, Model Class: H = range(F)
f(w,x) = h,,(x) = prediction on x with params (“weights”) w

Linear models: f(w, x) = (B,,, x) F(w) =B,
Loss: Lg(w) = %Zif(f(W, Xi),Yi)

Kernel Regime: training behaves according to 1t order approximation about w0,
fw,x) = f(wg, x) + (W —wp, Po(x))

where: ¢, (x) = V,, f(wy, x) corresponding to the tangent kernel
KO (X, X’) — (wa(WOr X), vwf(WOr X’)>

(we will focus on “unbiased initialization”: f(w(®,x) = 0, i.e. hy = 0)

In this regime, w(t) — argming ,—ollw — wyll; and by, - h(m)in |h lk,
Xi)=Y;

[Jacot et al 2018]: Width—> o0 |eads to Kernel Regime
[Chizat Bach 2018]: Scale—> oo leads to Kernel Regime



Kernel Regime and Scale of Init

* For D-homogenous model, f(cw, x) = ¢” f(w, x), consider gradient flow with:
w, = —=VLs(w) and w,(0) = aw, with unbiased f(wgy,x) = 0

We are interested in w, () = L}im w, (t)
—00

* For squared loss, under some conditions [Chizat and Bach 18]:

t) — WK(t)H =0

. 1
lim sup HW“ (aD‘l

a—C0 t

Gradient flow of linear least squares w.r.t
tangent kernel K, at initialization

Wi = =V, L(x = (w, pg, (%))

and so f(w, (), x) W—>OOIAlK(x) where hy = arg minIIhIIKO s.t. h(x;) = y;



Consider a “linear diagonal net” (ie linear regression with squared parametrization):
Fw,x) = Z;(w, [12 = w_[[12)x[]] = (B(w), %) with B(w) = w? — w?
And initialization w,(0) = a1 (so that ,B(Wa(O)) = 0).

What’s the implicit bias of grad flow w.r.t square loss Ls(w) = Y;(f (w, x;) — v;)%?
Ba(e0) = lim f(w, (D))

fw,x) = wT diag(w) [J_”;]



2
L=XB -yl
_(t)?
we(t)? —w
B(t) =

. dp
. (t) W l
W, V r

Wy



B(t) = wi () —w_(6)? L=1IX5 -yl

t
Wi (t) = =V, L(t) = =2XTr(t) o 2w, (0) wy(t) =w,(0)cexp (—ZXTJ r(T) dr)
0

t
w_(t) ==V, L(t) = +2XTr(t) o 2w_(t) w_(t) = w_(0) o exp <+2XTj r(7) dT)
0

,B(t) — a2(3_4XT fotr(r) dt _ e4XT fot r(T) dr) r(t) = XB(t) —y

gr(r)dr e R™ ]

[ () = a? (e‘XTS — eXTS) = 2a%sinh X 's

XB(0) =y



minQ(f) s.t. Xf =y
VQ(B) =XTv L(o0) = a? (e‘XTS — eXTS) = 2a%sinh XTs

Xp =y Xp(o0) =y



Vo(p) = sinh_l%iz

0(B) =) [ sinh!

pli]

2 — @

2a

minQ(f) s.t. Xf =y

VQ(B) =XTv

Xp =y

9)

sinh™1

XB(0) =y



Fw,2) = By, [j12 = w_[/19)x[] = (Bw),x)  with f(w) = w} — w?
,8“(00) = th_)rg ,B(Wa(t)) where Wa(o) =al and w, = _VZi(f(Warxi) - :Vi)z
Ba(e) = arg min Qu(B)

where Q,(B) =X, q (ﬂé]) and

a

q(2)

q(b) =2 — V4 + b% + bsinh™?! (S)

=20 =15 -10 =5 0 5 10 15 20

a—00 L
La(0) — By = arg;r[}in IBl2 “Kernel Regime” with NTK Ky(x, x") = 4(x, x")
=y

a > \/2(1+e) (1 + i) 1872ll, =

Ba

2 2
< (1491853
a-0 . _ . '
fa(e0) — fra = arg min [|ll;  “Rich Regime”

=y

d

o < min {(2(1 + €) Hﬁlel)_% , exp (——*
ellB71l;

)} — ||, < a+ e85,



Population Error

Sparse Learning
y; = {B*,x;) + N(0,0.01)

d = 1000,

0.003

0.009

0.024

0.067 0.184

0.508

187l = 5,

m = 100

L1 no

0.0153

0.0357 0.0834
a

0.1947

0.4549

L2 nor



Sparse Learning

y; = (B, x;) + N(0,0.01)
d =1000, |IB*ll, =k

How small does a need to be to get L(,Ba(OO)) < 0.025

10_12

10_2?
10_3€
o]

10_4€

10_5€

10_6€

100 200 300 400 500



B=FWw)=w?2-w? w=V,L(B) w(0)=al

. d
B = ﬁw——VF(W(t)) (VF(W(t))VL(B(t))) —p~VL(B)

p=(VFw®)" VF(W(t))) = diag(w? + w2)™!
VET = [diag(w,) diag(w_)]
Problem 1: w(t) as a function of S (t)
Claim: %(WJr(t)w_(t)) = —ZXTr(t)(W+(t) ow_(t) —w_(t) o W+(t)) =0
dw, (H)w_(t) = a?, combined with § = wf — w2 D> wi(t) = “ﬁ2+4a4+3

> p~ 1 =diag(w? + w?) = diag (\/,82 + 4a4)

Induced dynamics: 8, = —\/ﬁé + 4a* O VL, (B,)

1
Problem 2: Is p = diag(f? + 4a*) "2 a Hessian map? Solve p = V2¥

2
Y = z I (,312 + 4a4)_%d,3id,3i = a* z (const — \/4 + <%) + %smh

i

(

p

202

)



Width and Initialization Scale

FUx)= ) vl = UV, diag(x)
i=1.d,j=1.k
U,V e R™k g, =diag(UVT)

2
* Initialization: u; ;,v; ; ~ iid N (0,02 = ?/(_E) s.t. Var[ﬁ(O)[i]] = 2




Width and Initialization Scale

FUx)= ) vl = UV, diag(x)
i=1.d,j=1.k
U,V e R™k g, =diag(UVT)

2
* |nitialization: Ui jyVij ~ iid N (0,0'2 = %) s.t. Var[ﬁ(O)[z]] = CZZ

 Symmetrized problem: f(W,x) = (WW T, X
— U T UUT UVT J 1 .
[ W_M soWW ™ = lvur VVT‘ )?::—[ 0 dlag(x)] J
2 |diag(x) 0

e Relevant scale: WIW T ~ Vka?l

k—>00,a—>0

* () >arg ¢ mln QK@ 1 =lim aVk = lim oVk }
s a = 0(1/‘{/_), ie.o = 0(1/\/_) > X2
s = w(l/W), ie.o = a)(l/\/E) 2>/,

 Vka? = 0 leads to the kernel regime, even if |f(0)| = a? = 0




Width and Initialization Scale

f((U,V),x) = z u; ;v ix[i] = UV, diag(x))

i=1.d,j=1.k
U,V e R™k g, =diag(UVT)

C(Z

* |nitialization: Ui jyVij ~ iid N (0,0'2 = —) s.t. Var[ﬁ(O)[z]] = CZZ

 Symmetrized problem: f(W,x) = (WW T,

vk

—~—

L =lleowwr =[5 0] ]

vu' yyT

Width k

/// transition at a = %
Q// 4
a\k
/ o oog’ﬁ
e au@@\@

—— »Init magnitude 1/«



s implicit bias of GD just €, in param space + mapping
to func space?

s initializing to w(0) = a1 the same as regularizing distance to a1?
R _ : _ 2\ _ :
gl = F (arg, min lw —a1l3) = arg min Ro(8)

Where R, (B) = F(IEIV%IZIB”W — al]l5

o




s implicit bias of GD just €, in param space + mapping
to func space?

s initializing to w(0) = a1 the same as regularizing distance to a1?
R _ : _ 2\ _ :
gl = F (arg, min lw —a1l3) = arg min Ro(8)

Where R, (B) = F(Iglv%rzlﬂ”W — al]l5

R.(B)=2%;7 (%) where r(b) is solution of quartic equation:
r*—6r3+ (12 =2b>)r? —(8+10b)r+b%>+b* =0




Deep Diagonal Linear Net

BE) = wi(6)? —w_(t)°




Deep Diagonal Linear Net

B() = wi(®)P —w_(6)P r(t) = XB(t) — y

¢ 5o ¢ s
() = aP (1 +aP72D(D — Z)XTJ r(7) d’l’) — (1 —aP?2D(D — Z)XTJ r(7) dT)
0 0

KKT for min Q(8) s.t. XB = y: [ o fooo P—
Ve =Xy B(eo) = Phy(XTS)
L=1XB =yl XB =y Xp@) =y \
d_W = —VL [ hp(z) = a® ((1 + aP2D(D — Z)Z)D__—12 —(1-aP=2Dp(D — Z)Z)D_——12> J
dt
dt  dw dt

Qp(B) = 2 dp (%)

l



Deep Diagonal Linear Net

B0 =wi (0P —w (0P (o) =argminQ, (/) st xp =y

:CID(Z)

—— Depth 2
Depth 3

—— Depth &

—— Depth 15

hp(z) = aP ((1 + aP?2D(D - 2)Z)D__—12 —(1—-aP2D(D - Z)Z)D_——12>

dp :fh51

Qa8 = ap (%)

l



Deep Diagonal Linear Net

B0 =wi (0P —w (0P (o) =argminQ, (/) st xp =y

:CID(Z)
gL
i —— Depth 2
of Depth 3
o Depth 5
: —— Depth 15
A 7 - = A =
a—0 _
Forall depth D = 2, (o) — arg)ggun 1811
=y
a—0
 Contrast with explicit reg: For R, (B) = min D”W —alll5, R,(B) — ||,[>’||2/D

p=wi-w=
also observed by [Arora Cohen Hu Luo 2019]

* Also with logistic loss, 8(0) — o SOSP of ||Bllz/ [Gunasekar Lee Soudry S[SEFE ;83}



Implicit Bias in Logistic Regression

arg min L(w) = z L(y;i(w, x;)) ° ‘:'
i=1

WERN

£(z) =log(1 + e~?%) °®

* Data {(x;, y;)}i% linearly separable (3,,V;y;{(w, x;) > 0)
* Where does gradient descent converge?
w(t) = w(t) —nVL(w (D))
 inf L(w) = 0, but minima unattainable
» GD diverges to infinity: w(t) — oo, L(W(t)) -0
w(t)
lw(ll

* In what direction? What does converge to?



Implicit Bias in Logistic Regression

m
arg min L(w) = z L(y;i(w, x;)) J ":
i=1

WERN

2(2) = log(1 + e7%) s o

Data {(x;, y;)}i% linearly separable (3,,V;y;{(w, x;) > 0)

Where does gradient descent converge?
w(t) = w(t) —nVL(w(t))
 inf L(w) = 0, but minima unattainable
» GD diverges to infinity: w(t) — oo, L(W(t)) -0
w(t)
lw(®ll

w = argmin||lw||, s.t.V;y;{w,x;) =1

In what direction? What does converge to?

w(t) w
Iw@llz W]l

Theorem:




Implicit Bias in Logistic Regression

arg 1 m1n L(w) = z L(yi(w, x;))

0(z) = log(l + e~ %)

Theorem:w(t) = wlogt + p(t), with p(t) bounded*
w = argmin||w||, s.t.V;y;{w, x;) = 1
* Holds for any initial point w(0) and stepsizen < 2

* Holds for any monotonically decreasing strictly positive smooth loss s.t. —¢'(2)
has a tight exponential tail. Asymptotically, all behave as:
0(z) =e %

*For data in general position. With degenerate data, p(t) = O(loglogt)

[Soudry Hoffer S ICLR 2018]



Proof sketch: (y; = 1 w.l.og.)

Write w(t) = g(t)wy + p(t) with g(t) = oo and p(t) = o(g(t)).
Since we converge to zero error, V;{W, x;) > 0

Since the loss derivative has an exponential tail:

_VL(w) ~ z e~ WD) T — z o= 9(DWoo xi)~(p(0) 1) T

i i

As g(t) — oo, only points with minimal (w,, x;) (points on the margin,
“support vectors”) will dominate gradient

= VL(w) spanned by support vectors
=>» w(t) spanned by support vectors

Weo

Definew = We have:

mMjin(Weo,X;i)
l

w=>Ya,w; V(a; =0and (w,x;) =1) OR (a; = 0and (w,x;) > 1)



'elogistic (h(W), y) — log(l + e_yh(W)) ~ e_yh(W) - gexp (h(W), y)

N

Consider gradient descent w.r.t. logistic loss Ly (w) = 3, 2(f (w, x;); yi)

(or other exp-tail loss) on a D-homogenous model f(w, x):

Theorem [Nacson Gunasekar Lee S Soudry 2019][Lyu Li 2019]:
If Lo(w) — 0, and small enough stepsize (ensuring convergence in direction):

W, X first order stationary point of

*
arg min||w||, s.t.V;y;f(w,x;) = 1 )
Suggests implicit bias defined by Rp(h) = arg F{ngnhllwllz and
W)=
h,, = F(w,) « first order stationary point of (+%)

argminRg(h)s.t.y;f(x;) > 1

But need to be careful: f.o.s.p of (*) does not imply f.0.s.p of (**)



Different Asymptotics

* For least squares (or any other loss with attainable minimum):
* W, depends on initial point wy and stepsize n
* To get clean characterization, need to taken — 0
* If 0 is a saddle point, need to take wy — 0

* For monotone decreasing loss (eg logistic)
* W, does NOT depend on initial wy and stepsize n
* Don'tneedn » 0andwy — 0

* What happens at the beginning doesn’t effect w,, .



Squared Loss vs Logistic/Exp Loss

glogistic(h(w)i y) — log(l + e_yh(W)) ~ e_yh(W) = 'gexp(h(w)! y)

When £ - 0, ie yh(w) — oo

* For squared loss, under some conditions [Chizat and Bach 18]:

lim sup HWa (# t) — WK(t)” =0

a—00 t

D hy(®) - hy = argmin||hllg s.t.h(x) = y;

* For logistic:

V: lim sup =0

1

Contrast with [Nacson Gunasekar Lee S Soudry 2019][Lyu Li 2019]:
W (t)
V, lim ———— « f.o.s.p of arg min||w||, s.t.y;h(x;) =1
at—>oo ”Wa(t)” p g ” ”2 Yi ( l)




For our model f = w# — w? with logistic loss:

B(e) = B(t) s.t. Ls(B) = €

Contrast with:

Uniquely defined since LS(beta(t) monotonically decreases from 1 to 0.

\vs E_r)r(l) ”'[’;E 3“ o arg min||S]|; s.t. yl-xiT,B > 1 Rﬁ@h

011_r>r010 tlglg(l) ||§E 3” o« argmin||f|l; s.t. yix/f =1 R”@[ﬁ]

Ll{)r(l) Cll_r)glo ||§E 3” o argmin||S]l, s.t. yix/ B =1 K@[’f’[’m@“

C(‘}M

Transition at € = e~©(@?)




Logistic Loss vs Squared Loss

Depth two:

 Square loss: f(0) « arggglizr; Q. (L)

* Logistic loss: V,(o0) arg)grﬁli:r}/||ﬁ||1

Deeper Diagonal Nets:
a—0
 Squared loss, f(o0) — arg;rﬂlin 1811
=y

* Logistic loss, f(o0) < SOSP of II,BIIz/D

Depth=3

[Moroshko Gunasekar Woodworth Lee S Soudry 2020 “Implicit Bias in
Deep Linear Classification: Initialization Scale vs Training Accuracy”]



Other Control Choices

Early Stopping (and not so early stopping)
Shape/relative scale [Azulay Moroshko Nacson Woodworth S Globerson Soudry 2021]
Stepsize [Nacson Ravichandran S Soudry 2022]

Stochasticity
e Batchsize [Pesme Pillaud-Vivien Flammarion 2021]
e Label noise [HaoChen, Wei, Lee, Ma 2020][Blanc, Gupta, Valiant, Valiant 2020]

F0,2) = ) w12 = w_[1Dl] = (Bw), %)
J

with f(w) = w2 —w

Simplest architecture displaying comlex implicit bias phenomena

2



s %}}gd LB) =IX(B) —yll5 X(B): = (Xi, B) X1, s Xm € R4 %%y € R™
B =FU,V)=UVT, UV eRY

GDonU,V: U(t) = =VyL(UVT), V(t) = =V, L(UVT)
> B =—(VFTVF)VL(B) = —(UUTVL(B) + VL(B)VVT)

* Matrix completion (X; is indicator matrix)
 Matrix reconstruction from linear measurements

* Multi-task learning (X; = e;qsk of exampie i - P(example i)7)




Jmin, LB =IXE) = ylE XB)i=Xih) Xy X € RE Dy €RT
B =F(U,V)=UVT, UV eRY™

GDonU,V: U(t) = =VyL(UVT), V(t) ==V, L(UVT)
> B =—(VFTVF)VL(B) = —(UUTVL(B) + VL(B)VVT)

Ul - uuT uvT|_|UUT B
W = [ ] —WWT' = ] —
vl P vuT vvT BT VT

o (5 (5 . . 0 X;
(D) =IXO 1, XO =k Ki=lgr o |esayers

B>0
L=FW)=wWWT, W e R%*d
B = —(VFTVE)VL(B) = —(WWTVL(B) + VL(B)WWT) = —(BVL(B) + VL(B)B)



rﬁr;igi(ﬁ) =|1X(B) — yll5 X(B)i = (Xi, B) X; €Sy, y€R™
B =—(BVL(B) + VL(B)B) = (—BX*(r (1)) — X*(r(t))B)
(r=x@ -y ]

If X;, By commute: B(t) = eX 5B eX (s0) sy = —[ r,dt € R™
€ {erS)Bret s e R™}

* Independent of “steering” 7
* Can use other loss, weights, or sample X;; But finite steps, as well as (infinitesimal) momentum, will fall off M'!
« Restricting to joint diagonalization 8 = UBU T, p(B) = (A ~ BA + AB) ™! =2~ is a Hessian map:

(@) =3, Blil1og2 > Dy (llan) = 3, 8[i] (log % + Ai]

e

If X; don’t commute, solution given by “time ordered exponential”:

0 t/e
po = lim | [ om0 ) gp{im ] [emereo
‘L':t/e =0

* With arbitrary (crazy) steering, can move in any direction and get to any psd matrix (even with m = 2 random
measurement matrices)

« p(B) =(Aw» BA+ AB) 1isnota Hessian map



The “complexity measure” approach

Identify c(h) s.t.
* Optimization algorithm biases towards low c(h)
* Hegreatity)y = thlc(h) = c(reality)} has low capacity
 Reality is well explained by low c(h)

Can optimization bias can be described as argminc(h) s.t.Lg(h) = 0 ??
e Not always [Dauber Feder Koren Livni 2020]

* Approximately? Enough to explain generalization??

Ultimate Question: What is the true Inductive Bias? What makes reality
efficiently learnable by fitting a (huge) neural net with a specific algorithm?



